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Sufficient conditions
Find max or min of f(x, y) under the constraint g(x, y) = 0
Lagrangean L(x, y, λ) = f(x, y)− λg(x, y)
After solving the system
f
′
x (x, y)− λg′x (x, y) = 0,
f
′
y (x, y)− λg′y (x, y) = 0,
g (x, y) = 0.
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evaluate
Λ = det

L
′′
xx L
′′
xy gx
L
′′
xy L
′′
yy gy
gx gy 0

Λ > 0 maximum
Λ < 0 minimum
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Let us generalize an exercise we saw yesterday: take the n variables
function
u(x) = u (x1, x2, . . . , x`) = x
α1
1 x
α2
2 · · ·xα`` =
∏`
j=1
x
αj
j
where αj > 0 for j = 1, . . . , `
Then fix a vector in Rn with positive coordinates: pi = (pi1, . . . , pi`) .
Maximize u with the constraint x · pi = c ∈ R+
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∂xi
=
αi
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write (M) as:
αiu = λpiixi (Ma)
6/25 Pi?
22333ML232
sum (Ma) between i = 1, . . . , `
∑`
i=1
αiu =
∑`
i=1
λpiixi = λpi · x = cλ,
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sum (Ma) between i = 1, . . . , `
∑`
i=1
αiu =
∑`
i=1
λpiixi = λpi · x = cλ,
then
λ =
u
pi · x
∑`
i=1
αi =
u
c
∑`
i=1
αi
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sum (Ma) between i = 1, . . . , `
∑`
i=1
αiu =
∑`
i=1
λpiixi = λpi · x = cλ,
then
λ =
u
pi · x
∑`
i=1
αi =
u
c
∑`
i=1
αi
then from (Ma)
xi =
αipi · x
pii
∑`
i=1
αi
=
αic
pii
∑`
i=1
αi
, i = 1, . . . , `
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Iterated Integrals Notations
Rm = Rp × Rq with p+ q = m
(x, y) ∈ Rm means x ∈ Rp e y ∈ Rq.
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If A ⊂ Rm and x ∈ Rp, the x section of A is the subset Ax in Rq
defined by:
Ax := {y ∈ Rq | (x, y) ∈ A}
7/25 Pi?
22333ML232
Iterated Integrals Notations
Rm = Rp × Rq with p+ q = m
(x, y) ∈ Rm means x ∈ Rp e y ∈ Rq.
If A ⊂ Rm and x ∈ Rp, the x section of A is the subset Ax in Rq
defined by:
Ax := {y ∈ Rq | (x, y) ∈ A}
If y ∈ Rq the y section of A is defined by:
Ay := {x ∈ Rp | (x, y) ∈ A}
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Section’s Theorem
Let A ⊂ Rm measurable. Then if x ∈ Rp, section Ax is a.e. measur-
able. Moreover x 7→ `q(Ax) is a measurable function and
`m(A) =
∫
Rp
`q(Ax)d`p(x)
`m stands for Lebesgue measure in Rm. The same for `p, `q
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Fubini’s Theorem G. Fubini: “Il teorema di riduzione per gli inte-
grali doppi” Rend. Sem. Mat. Torino, vo1.9, 1949.
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grali doppi” Rend. Sem. Mat. Torino, vo1.9, 1949.
Assume A ⊂ Rm measurable and let f ∈ L(A). Define S as the subset
of Rp where all q-section of A have positive measure
S = {x ∈ Rp | `q(Ax) > 0}
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Fubini’s Theorem G. Fubini: “Il teorema di riduzione per gli inte-
grali doppi” Rend. Sem. Mat. Torino, vo1.9, 1949.
Assume A ⊂ Rm measurable and let f ∈ L(A). Define S as the subset
of Rp where all q-section of A have positive measure
S = {x ∈ Rp | `q(Ax) > 0}
Then the following equality holds∫
A
f(x, y)dxdy =
∫
S
(∫
Ax
f(x, y)dy
)
dx
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Example If A =
{
(x, y) ∈ R2 | 0 ≤ x ≤ 1, x2 ≤ y ≤ x+ 1} evaluate:∫∫
A
xy dx dy
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0.2 0.4 0.6 0.8
0.5
1.0
1.5
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∫∫
A
xy dx dy =
∫ 1
0
(∫ 1+x
x2
xydy
)
dx
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∫∫
A
xy dx dy =
∫ 1
0
(∫ 1+x
x2
xydy
)
dx =
∫ 1
0
x
[
y2
2
]1+x
x2
dx
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∫∫
A
xy dx dy =
∫ 1
0
(∫ 1+x
x2
xydy
)
dx =
∫ 1
0
x
[
y2
2
]1+x
x2
dx∫∫
A
xy dx dy =
1
2
∫ 1
0
(−x5 + x3 + 2x2 + x) dx
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∫∫
A
xy dx dy =
∫ 1
0
(∫ 1+x
x2
xydy
)
dx =
∫ 1
0
x
[
y2
2
]1+x
x2
dx∫∫
A
xy dx dy =
1
2
∫ 1
0
(−x5 + x3 + 2x2 + x) dx = 5
8
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Example
Given A =
{
(x, y) ∈ R2 | y ≥ 0, y ≤ −x+ 3, y ≤ 2x+ 3} . Evaluate:∫∫
A
y dx dy
Integration domain: triangle with vertices in (−32 , 0), (3, 0), (0, 3).
-2 -1 1 2 3
0.5
1.0
1.5
2.0
2.5
3.0
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We first integrate in x and then in y :
∫ 3
0
(∫ 3−y
y−3
2
y dx
)
dy
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We first integrate in x and then in y :
∫ 3
0
(∫ 3−y
y−3
2
y dx
)
dy =
∫ 3
0
(
9
2
y − 3
2
y2
)
dy
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We first integrate in x and then in y :
∫ 3
0
(∫ 3−y
y−3
2
y dx
)
dy =
∫ 3
0
(
9
2
y − 3
2
y2
)
dy =
27
4
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Example
Evaluate the measure of
A =
{
(x, y) ∈ R2 | x2 + y2 ≤ 1} ∩ {(x, y) ∈ R2 | 0 ≤ y ≤ x ≤ √3 y}
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-1.0 -0.5 0.5 1.0
-1.0
-0.5
0.5
1.0
∫ 1/√2
0
(∫ x
x/
√
3
dy
)
dx+
∫ 1
1/
√
2
(∫ √1−x2
x/
√
3
dy
)
dx
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For exercise. The only difficult point is∫ √
1− x2 dx = 1
2
(
x
√
1− x2 + arcsinx
)
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Two integers a and b are said to be coprime if the only positive integer
that evenly divides both of them is 1. This is the same thing as their
greatest common divisor gdc(a, b) = 1.
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Two integers a and b are said to be coprime if the only positive integer
that evenly divides both of them is 1. This is the same thing as their
greatest common divisor gdc(a, b) = 1.
Theorem (E. Cesa`ro 1881) The probability that two randomly chosen
numbers are coprime is given by a product over all primes:∏
p∈P
(
1− 1
p2
)
=
1
∞∑
n=1
1
n2
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Two integers a and b are said to be coprime if the only positive integer
that evenly divides both of them is 1. This is the same thing as their
greatest common divisor gdc(a, b) = 1.
Theorem (E. Cesa`ro 1881) The probability that two randomly chosen
numbers are coprime is given by a product over all primes:∏
p∈P
(
1− 1
p2
)
=
1
∞∑
n=1
1
n2
G.H. Hardy; E. M. Wright (2008). An Introduction to the Theory of
Numbers (6th ed.) Oxford University Press, theorem 332.
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Theorem (L. Euler)
∞∑
n=1
1
n2
=
pi2
6
Proof. (J.D. Harper American Mathematical Monthly June-July 2003
pp. 540-541)
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0
(∫ 1
0
x
(1 + x2)(1 + x2y2)
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)
dx =
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Theorem (L. Euler)
∞∑
n=1
1
n2
=
pi2
6
Proof. (J.D. Harper American Mathematical Monthly June-July 2003
pp. 540-541) ∫ +∞
0
(∫ 1
0
x
(1 + x2)(1 + x2y2)
dy
)
dx =
=
∫ +∞
0
1
x(1 + x2)
(∫ 1
0
dy
1
x2 + y
2
)
dx
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but, using the integration formula
∫
dy
a2 + y2
=
1
a
arctan
y
a
we see that
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2
)
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0
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but, using the integration formula
∫
dy
a2 + y2
=
1
a
arctan
y
a
we see that
∫ +∞
0
1
x(1 + x2)
(∫ 1
0
dy
1
x2 + y
2
)
dx =
∫ +∞
0
[
arctanxy
1 + x2
]y=1
y=0
dx
thus ∫ +∞
0
(∫ 1
0
x
(1 + x2)(1 + x2y2)
dy
)
dx =
∫ +∞
0
arctanx
1 + x2
dx
but
∫
arctanx
1 + x2
dx =
arctan2 x
2
and then∫ +∞
0
(∫ 1
0
x
(1 + x2)(1 + x2y2)
dy
)
dx =
pi2
8
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Using Fubini’s Theorem we change the order of integration∫ +∞
0
(∫ 1
0
x
(1 + x2)(1 + x2y2)
dy
)
dx =∫ 1
0
(∫ +∞
0
x
(1 + x2)(1 + x2y2)
dx
)
dy
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Using Fubini’s Theorem we change the order of integration∫ +∞
0
(∫ 1
0
x
(1 + x2)(1 + x2y2)
dy
)
dx =∫ 1
0
(∫ +∞
0
x
(1 + x2)(1 + x2y2)
dx
)
dy
We can use partial fraction to integrate
x
(1 + x2)(1 + x2y2)
=
1
2(y2 − 1)
(
2y2x
1 + x2y2
− 2x
1 + x2
)
obtaining
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∫ 1
0
(∫ +∞
0
x
(1 + x2)(1 + x2y2)
dx
)
dy
=
∫ 1
0
1
2(y2 − 1)
[
ln
1 + x2y2
1 + x2
]+∞
0
dy
=
∫ 1
0
ln y2
2(y2 − 1)dy
=
∫ 1
0
ln y
y2 − 1dy
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∫ 1
0
(∫ +∞
0
x
(1 + x2)(1 + x2y2)
dx
)
dy
=
∫ 1
0
1
2(y2 − 1)
[
ln
1 + x2y2
1 + x2
]+∞
0
dy
=
∫ 1
0
ln y2
2(y2 − 1)dy
=
∫ 1
0
ln y
y2 − 1dy
Up to now we proved the integration formula
∫ 1
0
ln y
y2 − 1dy =
pi2
8
